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Abstract 

qq ■ A cube tiling of R d is a family of pairwise disjoint cubes [0, l) d + T = 

{[0,l) d + t: t£T} such that \J teT ([0,l) d + t) = R d . Two cubes [0, l) d + t, 
[0, l) d + s are called a twin pair if \tj — Sj\ — 1 for some j G [d] — {1, . . . , d} 
and ti = Si for every i £ [d]\ {j}. In 1930, Keller conjectured that in 
every cube tiling of R d there is a twin pair. Keller's conjecture is true 
for dimensions d < 6 and false for all dimensions d > 8. For d = 7 the 
conjecture is still open. Let x G R d , i G [d], and let L(T, x, i) be the set of 
all ith coordinates t t of vectors t G T such that ([0, l) d +i)n([0, l] d +x) / 
and ti < Xi. It is known that if \L(T, x, i)\ < 2 for some x G K 7 and every 
i 6 [7], then Keller's conjecture is true for d — 7. In the present paper 
we show that it is also true for d — 7 if \L(T,x,i)\ > 6 for some a; G K 7 
and i € [7]. Thus, if there is a counterexample to Keller's conjecture in 

CO dimension seven, then \L(T,x,i)\ £ {3,4, 5} for some i€l' and i € [7]. 

> ■ 

£^ , ii'ey words: box, cube tiling, rigidity, Keller's conjecture. 
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1 Introduction 

f- >) | A cube tiling of R d is a family of pairwise disjoint cubes [0, l) d + T = {[0, l) d + i : 

t € T} such that Uterd ' !) d + *) = Rd - Tw0 cubes [0, l) d + t, [0, l) d + s are 
called a twin pair if \tj — Sj\ = 1 for some j G [d] = {l,...,d} and <i = Si for 
every z G [d]\{j}- In 1907, Minkowski [TS] conjectured that in every lattice cube 
tiling of M. d , i.e. when T is a lattice in M. d , there is a twin pair, and in 1930, Keller 

rS • [8] generalized this conjecture to any cube tiling of R d . Minkowski's conjecture 

was confirmed by Hajos [7] in 1941. In 1940, Perron [TO] proved that Keller's 
conjecture is true for all dimensions d < 6. In 1986, Szabo [3T] showed that if 
there is a counterexample to Keller's conjecture in dimension d, then there is a 
counterexample two-periodic cube tiling [0, l) n + T of K. n , where T C (l/2)Z n 
and d < n. Moreover, Corradi and Szabo [3] reduced Keller's conjecture to 
a problem in graph theory. They defined a d- dimensional Keller graph whose 
vertices are all strings from the set {0, l,2,3} d . Two vertices are adjacent if 
they differ in at least two positions, but in at one position the difference is two 
modulo four. Keller's conjecture in the graph approach says that the maximal 
clique in a d-dimensional Keller graph has less than 2 d vertices. The results of 
Corradi and Szabo inspired Lagarias and Shor [13] who, in 1992, constructed a 
cube tiling of R 10 which does not contain a twin pair and thereby refuted Keller's 
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cube tiling conjecture. Finally, in 2002, Mackey [T7] gave a counterexample to 
Keller's conjecture in dimension eight, which also shows that this conjecture is 
false in dimension nine. For d = 7 Keller's conjecture is still open. 

Let [0, l) d +T be a cube tiling, x g R d and i e [d], and let L(T, x, i) be the set 
of all ith coordinates U of vectors t g T such that ([0, l) d + t)n ([0, l] d + x) ^ 
and U < Xi. For every cube tiling [0, l) d + T, x g R d and i g [d] the set L(T, x, i) 
contains at most 2 d ~ 1 elements. 

In 2010, Debroni et al. |3] computed that the maximal clique in a 7- 
dimcnsional Keller graph has 124 vertices, which implies that Keller's conjecture 
is true for all cube tilings [0, l) 7 + T of K 7 with T C (1/2)Z 7 or cquivalently, 
T C a+Z' UH Z 7 , where fixed a, & € [0, l) 7 are such that aj 7^ 6j for 
every i g [7]. The condition |L(T, x, i)| < 2 for every i g [7] means sim- 
ply that T\ C a + Z 7 U 6 + Z 7 , where Ti C T consists of all £ for which 
([0, l) 7 + t) R ([0, l] 7 + x) ^ 0. Thus, it is easy to show that the result of 
Debroni et al. proves also that the conjecture is true for cube tilings of M 7 
with \L(T,x, i)\ < 2 for some x g IR 7 and every i g [7]. Indeed, if there is no 
twin pairs in the set {[0,l) 7 + t : t g Ti}, then extending this family to the 
two-periodic tiling [0, l) 7 + T of M 7 , where T = Ti + 2Z 7 , we obtain a cube 
tiling with Tca + Z 7 U6 + Z 7 without twin pairs, which contradicts the result 
of Debroni et al. 

In this paper we show that Keller's conjecture is true for cube tilings of 
R 7 with \L(T(x,i))\ > 6 for some x £ K 7 and i g [7]. Thus, if there is a 
counterexample to Keller's conjecture in dimension seven, then \L(T, x, i)\ g 
{3, 4, 5} for some x £ M 7 and i g [7]. 

Similarly like Perron in [TTJ] (see also [IS]), we based our methods on the 
knowledge of the local structure of cube tilings. The main difference between 
Perron's approach and ours is that we use the notion of a rigid system of boxes, 
which was introduced in [14] , and deeper examined in |10j . Roughly speaking, 
Perron's methods are more combinatorial, while ours are strongly geometric. 

Works on Minkowski's and Keller's conjectures revealed a number of in- 
teresting problems concerning the structure of polybox codes and cube tilings. 
Lagarias and Shor [14] formulated a new problem on the structure of cube tilings 
of M. d : let Kd be the largest integer such that every cube tiling of M. d contains 
two cubes that have a common face of dimension Kd- What is the upper bound 
on Kdl Since Keller's conjecture is true for d < 6, we have Kd = d— 1 for d < 6. 
Generally, in [T5] it was shown that Kd < d — l/3yd for every d. Moreover, 
in that paper the authors considered subsets of M. d which can be represent as a 
union of unit cubes, which satisfy some extra condition, in only a unique way. 
This leads to the notion of a rigid system of boxes, which is, as we have just 
mentioned, intensively exploit in the present paper. 

A new approach to Minkowski's conjecture can be found in Kolountzakis's 
paper [TJ] and Kisielewicz's and Przcslawski's paper [TT]. The Hajos's proof of 
Minkowski's conjecture stimulates the development work on the factorization of 
abelian groups. These issues are examined in Szabo's book [52]. A fine survey 
of tilings of R d by clusters of unit cubes and Minkowski's conjecture is Stein's 
and Szabo's book [2"0] . 

It is not widely known that Keller made two conjectures on twin pairs in a 
cube tiling of R d . The second conjecture, posed in [9], says that every cube tiling 
of M. d contains a column of unit cubes, i.e. a family of the form {[0, l) d + t + nei : 
n g Z}, where e, is the i-th element of the standard basis of M. d . This conjecture 
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has been proved by Lysakowska and Przeslawski in [T5]. Furthermore, these 
authors, in [IB], described the meta-structure of cube tilings of M 3 and non- 
extensible systems of unit cubes. Such systems were also examined, among 
other things, by Dutour Sikiric and Itoh in [5]- 

The present paper is organized in the following way. In Section 2 we give 
basic notions concerning the systems of boxes and abstract words. These issues 
were developed in [BJ [TUJ . Since they are not widely known, we present them in 
detail. In Section 3 we give results on the structure of special kind systems of 
boxes and partitions of a box into boxes. Next, we prove the fundamental for 
our purposes result on systems of words ( Theorem 13. 1[) . This theorem implies 
immediately the announced above result on Keller's conjecture in dimension 
seven, which we show in the final Section 4. At the end of the paper we extend 
the definition of a d-dimensional Keller graph and give an interpretation of our 
result in the terms of that graph. 



2 Basic notions 

In this section we present the basic notions on dichotomous boxes and words 
(details can be found in [51 [TU]). We start with systems of boxes. 

A non-empty set K C X = X\ X • • • X Xd is called a box if K = K\ X • • • X Kd 
and Ki C Xi for each i £ [d]. By Box(X) we denote the set of all boxes in X. 
The set X will be called a d-box. The box K is said to be proper if Ki ^ Xi 
for each i e [d] . Two boxes K and G in X are called dichotomous if there is 
i £ [d] such that Ki = Xi \ Gi . A suit is any collection of pairwise dichotomous 
boxes. A suit is proper if it consists of proper boxes. A non-empty set F C X is 
said to be a polybox if there is a suit & for F, i.e. if{J^ = F. The important 
property of proper suits is that, if & and Sf are proper suits for a polybox 
F, then \&\ = \ c $\. Thus, we can define a box number \F\q = the number of 
boxes in any proper suit for F. A proper suit for a d-box X is called a minimal 
partition of X. Every minimal partition of a d-box has 2 d boxes. 

A family tf c Box(A) is called a simple partition of X if for every K,G £ c tf 
and every i £ [d] we have Ki = Gi or, if Gi y^ Xi, Ki = Xi\Gi and If is a suit 
for A. 

Two boxes K, G C X arc said to be a twin pair if Ki = Xi\Gi for some 
i £ [d] and Kj = Gj for every j £ [d] \ {«'}■ 

Every two cubes [0, l) d +t and [0, l) d +p in an arbitrary cube tiling [0, l) d + T 
of M. d satisfy Keller's condition: there is i £ [d] such that ti —pi £ Z\ {0}, where 
U and pi are ith coordinates of the vectors t and p (0). For any cube [0, l] d + x, 
where x= (x u ...,x d ) £ M d , the family & x = {([0, l] d + x)n([0, l) d + t) ^0 : ie 
T} is a partition of the cube [0, l] d + x, in which, because of Keller's condition, 
every two boxes K,G £ & x are dichotomous, i.e. there is % £ [d] such that Ki 
and Gi are disjoint and JQ U G, = [0, 1] + a;,-. Moreover, since cubes in cube 
tilings arc half-open, every box K £ & x is proper, and consequently the family 
& x is a minimal partition. The structure of the partition & x reflects the local 
structure of the cube tiling [0, l) d + T. This is easy to show that a cube tiling 
[0, l) d + T contains a twin pair if and only if the partition & x contains a twin 
pair for some x £ M. d . 

In order to sketch our approach to the problem of the existence of twin pairs 
in a cube tiling of ~BL d , we first describe the structure of minimal partitions. A 
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graph-theoretic description of this structure can be found in [2] . 

Let X be a d-box. A set F C X is called an i-cylinder if for every Xj <E Xj, 
j € [d] \ {i}, one has 

l i r\F = l i or k n A = 0, 

where Z, = {x{\ x • • • x {zj_i} X Xj x {x l+ i} x • • ■ x {x d }. 

Let J?" be a minimal partition and let A C Xj be a set such that there is a 
box A' £ J*" with Aj G {A, Xj \ A}. Let 



^• A = {A e ^ : Aj = A} and 



,A' 



= {A <=3?:Ki = X, \ A}. 



Since boxes in & are pairwise dichotomous, the set \}(W l ' A U W %,A ) is an 



it 



cylinder, and the set of boxes W l > U W 1 ' is a suit for it. As \&\ = 
follows that the boxes in jF can form at most 2 d ~ 1 pairwise disjoint i-cylindcrs. 
More precisely, for every i e [d] there are sets A 1 , . . . , A k C Xj such that 
A n g {A m , X t \ A" 1 } for every n,m e [k],n ^ m, and 



J 



W l ' Al U W l ' {Al) ' U . . . U W l > A " U W h{Ak) ' 



The boxes in ,9 are proper, and hence \W l - A " U W l ^ An) '\ > 2. Thus k < 2 rf " 1 . 
Observe that, that is why \L(T,x,i)\ < 2 d ~ 1 for every cube tiling [0, l) d + T, 
x £ R d and i £ [d], as \L(T, x, i)\ is the number of all i-cylinders in the partition 

If K is a box in X and Sf is a family of boxes, then let 

(A), = K x X • • • x AVi x A m x • • • x K d and (Sf)< = {(A) 4 : A e ST}. 

Since U^ 4 " 4 U 5T 4 " 4 ') is an i-cylinder, the sets of boxes (W^ A )i and (W^ A ') t 
are two suits for the polybox \J{W l,A )i = {J(W l ' A )j, which is a polybox in the 
{d- l)-box (X), (Figure 1). Note that, as (#' i ' A ) l and 0T'' A ')j are proper suits 
for the polybox \J(W^%, we have \(W l > A )i\ = \(W l > A ')i\ 



T 



w 



IV 



w 3 
ll' 3 



u( w\ w 3 



U( W 3B u w 3M ) 



AKvh\ 



U( W 3B 



Fig. 1. The minimal partition & = W 3 ' A U #" 3 > A ' U W 3 ' B U X^ 3 - 8 ' of the 3-box X = [0, l] 3 
(A = [0, 1/2), B = [0,3/4)), two 3-cylinders and its suits. 
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Now, if K, Ge# are a twin pair, then there is a suit W^ A U W l > A ' C & 
for some i-cylinder such that K, G e W^ A U W l < A ' . Thus, K, G G #^ A or 
iT,G G 5r*' A ' or K G )T iA and G G )T iA '. In the third case (if), = (G), G 
(#"'> A )i n (W i > A ')i. So, if (#^ A )i n f*^')* 7^ 0, then there is a twin pair in 
& (see e.g. [2])- Now we can ask on the maximal positive integer n such that 
if y^ l ' A and ^* A do not contain a twin pair and \W l,A \ < n, then {W l,A )i = 
(W l ' A ),-. We will show that n = 11, from which the announced in Section 1 
result on Keller's conjecture in dimension seven will easily follow. 

The results in the present paper arc formulated and proved in full generality. 
Suits have the form of systems of abstract words. We collect below basic notions 
concerning words (details can be found in |10j). 

A set S of any objects will be called an alphabet, and the elements of S will be 
called letters. A permutation s i-> s' of the alphabet 5 such that s" = (s')' = s 
and s' ^ s is said to be a complementation. We add an extra element * to the 
set S and the set S U {*} is denoted by *S. We set *' = *. Each sequence of 
letters si ■ ■ ■ Sd from the set *S is called a word. The set of all words of length 
d is denoted by {*S) d , and by S d we denote the set of all words s\ ■ ■ ■ Sd such 
that Si ^ * for every i G [d\. Two words u = u\ ■ ■ ■ Ud and v = Vi • • • Vd are 
dichotomous if there is j G [d] such that Uj 7^ * and m' = Vj. If V c (*S) d 
consists of pairwise dichotomous words, then we call it a polybox code (or polybox 
genome). Two words u,v G (*<S') d arc a twm pair if there is j G [d] such that 
u'- = Vj, where Uj =/= * and m = Vi for every i G [d] \ {j}. 

If A C [d] and [d] \ .A = {i± < ■■ ■ < i n }, then (u)a = u ii ■ ■ ■ u i n and 
(y) A = {( V ) A :veV} for V C (*S) d . If A = {%}, then we write (w); and (V)i 
instead of (w)fa and (V){j}, respectively. If V C (*S) d , s G *S and i£ [d], then 
let F'- s = {oey:Dj = s}. 

Suppose now that for each i G [d] a mapping fi\ * 5 — > Box(A"i) is such 
that /i(s') = Xi \ fi(s) for s 7^ * and /,(*) = -Xj. We define the mapping 
/: (*S) d -*■ Box(A) by 

/(si-'-Sd) =/i(si) x ■•• x / d (s d ). 

About such defined / we will say that it preserves dichotomies. If V C (*»S) d , 
then /(V) = {/(f): f G V} is said to be a realization of the set of words V". 
Clearly, if V is a polybox code, then f(V) is a suit for (J /(V). The realization 
is said to be exact if for each pair of words v,w G V, if Uj ^ {u^-u^}, then 

fife) & {fi(m),Xi\ fi(wi)}. 

A polybox code V C (*S) d is called a partition code if any realization /(V) 
of V is a suit for a d-box X. Observe that, if V C S d is a partition code, then 
/(V) is a minimal partition. A partition code G C (*S) d is said to be a simple 
if for every w, w G G and every i G [d] we have Uj = Wi or Vj = u^. 

We will exploit some abstract but very useful realization of polybox codes. 
This sort of realization was invented in [T], where it was the crucial tool in 
proving the main theorem of that paper. 

Let S be an alphabet with a complementation, and let 

ES = {BcS: \{s,s'}nB\ = 1, whenever sG S}, 

Es = {B G ES: s £ B} and E* = ES. 
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Let V C {*S) d be a polybox code, and let v £ V. The equicomplementary 
realization of the word v is the box 

v = Ev\ x • • • x Eva 

in the d-box (ES) d = ES x • • • x ES. The equicomplementary realization of the 
code V is the family 

E(V) = {v : v e V}. 

If S is finite, si, . . . , s n € S and s» ^ {sj, s'A for every i ^ j, then 

l^si n • • ■ n £s„| = (l/2 n )\ES\. (2.1) 

The value of the realization E(V), where V C S , lies in the above equality. 
In particular, boxes in E(V) are of the same size; for w £ E(V) we have |tu| = 
(l/2 d )\ES\ d . Thus, two boxes v,w C (ES) d arc dichotomous if and only if 
iif] w = 0. 

Moreover, from (|2.ip we obtain the following important lemma. 

Lemma 2.1 Let w,u,v G S 1 , and fei & be a simple partition of the d-box w. If 
boxes wnii and wDv belong to S), then there is a simple partition code C C S d 
such that u,v € C . In particular, if w fl u and w D v form a twin pair, then u 
and v are a twin pair. 

Proof. Assume on the contrary that u and v do not belong to any simple par- 
tition code C C S d . Then there is j E [d] such that Uj $. {vj,v'A. Since 
w n u, w n v e @, for every i S [d] we have Euii D Em = Ewi n Evi or 
Ew l \^Eu t = Ewi\EwiP\Evi. If EwjHEuj = EwjClEv-j, then Ew 3 nEujnEvj = 
Ewj n Buj, which is impossible, as, by (|2.ip . |I5wj n Su, n 2?Vj| = (1/8)|-ES|, 
while iStyj-n^UjI = (1/4)|S5|. In the second case the non-empty sets EwiDEui 
and £»i n -Efi are disjoint, which is a contradiction, since, again by (|2.1|) . 
\Ewj n Euj n £fy| = (l/8)\ES\. 

If w Hit and ui n v form a twin pair, then, Ewj D Euj = Ewj \ Ewj n -El)-,- for 
exactly one j € [d] and EwiDEui = EwiDEvi for every i € [d]\{j}- Therefore, 
by the first part of the lemma, u,v € C for some simple partition code C C S . 
Thus, Uj = v'j for j S [d] and u; = Wj for every i €. [d] \ {j}. □ 

Let V C {*S) d be a partition code. From [Lemma 8.1, [TDJ] it follows that 
there is a simple partition code C C (*S) d and there are two words v,w £ VnC 
such that 

|{* e [d] : Vi = tfij, ^ ^41 = 1 (mod 2). (2.2) 

Let V,W <Z (*S) d be polybox codes, and let u £ (*S) d . We say that z> is 
covered by PF, and write w C W, if /(u) Q (J /(W) for every mapping / that 
preserves dichotomies. If v C py for every v £ V , then we write V Q W. 

Let <? : S d x S d — >• Z be defined by the formula 

d 
g{v, w) = Y[{2[vi = Wi] + [Wi $ {vi, v$\), (2.3) 

t=i 

where [p] = 1 if the sentence p is true and [p] = if it is false. 
Let w £ S d , and let V C S be a polybox code. Then 
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wC[JE(V)^w^V^J2g{v,w)=2 d . (2.4) 

Let s* = *•••* e (*<S*) d and let g(-, s*) : (*S) d — >• Z be denned as follows: 

d 

S{v,8,) = '[[{2[Vi = *] + [Vi^*]). 

i=\ 

Lemma 2.2 Let V c (*>S) d - T"fte sei F b o partition code if and only if 

Proof. By (|2.1|) . the definition of <? and the equality -E* = -ES, we have 
g(v,s*)\ES\ d /2 d = \v\. Since V is a partition code, *£ veV \v\ = \ES\ d , and 
then J2 vev g(v, a.) = 2 d . If £„ ey fl(«, «.) = 2 d , then £ weV , |*| = \ES\ d , which 
means that V is a partition code. □ 

Corollary 2.3 Let V C S d be a polybox code and let u G S d . For every v G V 
let v G (^S 1 ) be defined in the following way: if Vi ^ Ui, then Vi = Vi, and 
if Vi = Ui, then Vi = *. Let u D v ^ /or every v € V. Lf u Q V , then 
V = {v : v G V} is a partition code. 

Proof. By ([2TT]) . |<y n u| = (l/2 fe )(l/2 d )| J BS'| d , where fc = |{i : ^ ^ u;}|, and 
by the definition of the function g, l/2 fe = (l/2 d )g(v, s„). The set {uDv : 
v G V} is a suit for the d-box u. Thus. YlveV |$ H w| = |u|. Therefore, 
£ oe y(l/2 d )3(«,s*)(l/2 d )|£S| d = (l/2 d )|£S| d , which gives £ 06 f $(«,*♦) = 
2 d . By Lemma l2~2l T^ is a partition code. D 



3 Equivalent polybox codes without twin pairs. 

Polybox codes V, W C (*S) d are said to be equivalent if V C VT and W ^ V. 
Thus, if V^ and VK are equivalent, then IJ/(V r ) = U/(W) f° r ever Y function 
/ preserving dichotomies. In particular, \JE(V) = \JE(W). A polybox code 
V C S d is called rigid if there is no code W C S d which is equivalent to V and 

Our result on Keller's conjecture in dimension seven is based on the following 
theorem. 

Theorem 3.1 IfV, W C S are equivalent polybox codes which do not contain 
twin pairs and W fl V = 0, then \V\ > 12. 

To prove this theorem we need several auxiliary results. First, we will de- 
scribe one polybox code and two partition codes without twin pairs which con- 
tain a few words. Next, we will prove special cases in which Theorem 13 . 1 1 holds . 

If v = Vi ■ ■ ■ Vd G (*S) d ,V C {*S) d and a is a permutation of the set [d], 
then v a = w CT (i) • • • Vo-(d) and V„ = {v a : v G V}. 

Let 

V = {h * o 3 ■ ■ ■ o d , I'xhoz ■ ■ ■ o d }, (3.1) 

where d > 2, li,l 2 G S and o 3 , ..., Od G *5. Let X be a d-box and F C X be a 
polybox. i* 1 is said to be a L-polybox if there is a permutation a of the set [d] 
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such that the set V a is the polybox code for F, where V is of the form (|3.1[) 
(Figure 2 and 3). 



Fig. 2. A L-polybox in the two-dimensional case (on the left) and two L-polyboxes in the 
three-dimensional case: for 03 ^ * (in the middle) and for 03 = * (on the right). 



Lemma 3.2 Let X be a d-box, and let F C X be a polybox. Assume that 
"V and W are two disjoint suits for F without twin pairs and \V\ = \W\ = 
2. Then F is a L-polybox and the suits "V and W are exact realizations of 
codes V a and W a , where V = {W * 03 • • • Od, l[hos ■■■ 04} C {*S) d , W = 
{hl'203 • • ■ Od, *hc>3---o d } C (*S) d , h,h G S, o 3 ,...,o d G *<S and a is a per- 
mutation of the set \d\. In particular, if X — s, where s G S d , then V = 
{hs 2 o 3 ■••Od, I'xho-i ■■■Od} C {*S) d , W = {hl' 2 o 3 ■■■Od, siho 3 ■■■Od} C (*S) d , 
k £ {si^s^} for i = l,2 and Oi 7^ s[ for i G {3, ...,d}. 



Proof. Let W = {v, u} C (*S) d and V = {w,q} C (*S) d be polybox codes for 
F, which are exact realizations of W and 'V , respectively. By the assumptions, 
they are equivalent, disjoint and do not contain twin pairs. Assume, without 
loss of generality, that w n v 7^ and q n v 7^ 0. If the set q \ v is nonempty, 
then it is a box. If not, at least two additional words p, r G W\ {v} are needed 
to cover the set q \ v by the boxes p, r, which contradicts the assumption on W . 

Observe that, if A and B are boxes, An B 7^ and A \ B 7^ is a box, 
then there is exactly one k G [d] such that Ak \ -B& 7^ and A n C B n for every 
n€[d]\ {k}. 

Assume first that q\v 7^ and w\v 7^ 0. Since vUu = qUw, the set q\vUw\v 
is a box (= u). Then the boxes q\v and w \v are a twin pair. On the other 
hand, the boxes qOv and wC\v are also a twin pair, asqnvUwCiv^v. Thus, 
w and q are a twin pair, a contradiction. So, let q \ v 7^ and w \ v = 0. Then 
$ C v. Since gflu^fl and u; n v 7^ there is i G [d] such that (#), n (w)i 7^ 0, 



and thus qi 



II'; 



q t ^*. Then, by fl2T|). 



*. Moreover, u n = w n for every 



n G [d] \ {i}, as v \ w is a box and w G v. 

We have gflii^, gflii^i and v \q ^ %. For the same reasons as 
previously, u <Z q. Hence, there is j G [d] \ {i} such that Vj — u'-, Uj 7^ *, </j = * 
and q n = u n for every n E [d}\ {j}. 

Since q\u ~ v\w, we have g„ = u>„ = u„ = v n for every n € [d]\ {i,j}, 

qiv'; and (g)^ = &*, (w)a = g.-Wj, where 



q„ G *S. Thus, (v)a 

A = [d]\ {i, j} and qi, Vj G S* 



*Wj, (u) A 



a 
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Fig. 3. Two realizations of polybox codes for a L-polybox: V = -fji * 03, l^hos}, 03 ^ *, (on 
the left) and W = {Z1Z2O3, *^2"3} (on the right). 

Lemma 3.3 Let V c (*S) d be a partition code without twin pairs. 

(a) If \V\ > 1, then d > 3 and \V\ > 5. The equality \V\ = 5 holds if and only 
if there are i\,i2,i 3 S [d] such that 

(V) A = {hl2h, I'M, *hl' 3 , l[*h, hl' 2 *} 

or 

(V) A = {hl2h, l'Al'3, <h, h*l' a , I'M}, 
where A = [d]\{ii,i2, i^}, h,h,h € S and v = * • • • * for every v € Vf»i,» 3 ,» 3 }' 

(b) If \V\ — 6 ; then d > 4 and there are i G [d] and I € S such that 

V = v %l yjv tX , 

where \V U \ = 1 and \V l ' L '\ = 5. 

Proof of (a) By (|2.2[) there is a simple partition code C C (*S) d and there are 
words v,u G VflC such that the number h = \{i e [d] : Uj = ^, Mi 7^ *}| is 
odd. Since V does not contain a twin pair, we have h > 3. Thus, d > 3. Let 
/i = 3 and {i G [d] : u, = v[} = {ii, «2, 23}- For every j £ {1, 2, 3} let 

xJ e i?ui x • • • x Em ,_i x £^. x Em j+ i x • • • x i?u,i. 
The points ar, x 2 , a; 3 are pairwise different. Let us observe that for every fc, m £ 



{1,2, 3}, k ^ m, if 



€ w for some u> € (*S) d , then u n u> 7^ and 



consequently u> £ V. Moreover, x , x , x $ 
\V\ > 5. In the same manner we show that, if h > 5, then more than five words 
is needed to complete the set {u,v} to a partition code. Let \V\ = 5, and let 
(v) A — hhh and {u)a — I'lty's- By Lemma ¥l?2\, we have J2wev9( w > s *) = 2 d - 
Suppose that <7(iu, s*) = 2 d ~ 1 for some io € V \ {v,u}. Then there is exactly 
one i € [d] such that iy, 7^ * and (y;), = *•■■*. Since V is a partition code, 
it follows that (V" \ {w})i c (*S , ) d ~ 1 is a partition code. This code does not 
contain a twin pair and consists of four words, which is impossible. Therefore, 
by Lemma [2721 we have g(u, s*) = g(v, s*) = 2 d ~ 3 and g(w, s„) = 2 d_2 for every 
w <G V \ {i>,u}. Hence, (w){ij » 2 ,t 3 } = *• • •* for every w <S V, and since every 
two words in V are dichotomous, we have (V \ {v, u})a = fohl'3, l[ * h, hl'2*} 
or (V \ {v, u}) A = {*l' 2 l 3 , h * 1' 3 , I'M} (Figure 4). 



r^ rfnl 
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Fig. 4. Realizations of the codes (V)a = {I1I2I3, ^i^3' *^3> ' x *^3' 'i'2*} (on the left) and 
(V) A = {hhh, l'Al-3, *hl' 3 , l[ * h, hl' 2 *} (on the right). 

Proof of (b). Let C, v, u and h be such as in the proof of the part (a). If h > 5, 
then, in the similar way as in the proof of (a), we show that more than five 
words is needed to complete the set {u, v} to a partition code. Thus, h = 3 and 
g(u,s*) = g(v,s*) = 2 d ~ 3 . Let {i £ [d] : u, = i/, u* 7^ *} = {ii,«2,«3}- We 
use again Lemma l2~2l Let V = {v 1 , . . . , v 6 }, v 3 = v, v 4 = u, and assume on the 
contrary that g(v l , s*) < 2 d ~ 2 for every t> 4 £ V. The system of the equations 

Y^x l 2 d ~ l = 2 d 1 ^ Si =6 (3.2) 

i>2 i>2 

where S3 > 2 and i; £ {0, 1 . . .} for i £ {2, . . . , d}, has only one solution: #2 = 2, 
£3 = 4. Let 

g(v\s*) = g{v 2 , a.) = 2 d ~ 2 and £(«', a,) = 2 d ~ 3 (3.3) 

for i = 3,..., 6. Let us consider the realization E(V). We can assume that 
for every i £ [d] there is v £ V such that u, 7^ *; otherwise, if v j = * for 
some i £ [d] and every v £ V, we consider the code (V)j. Every z-cylinder 
Ci = {J{v j : v 3 £ V, v\ 7^ *}, i € [d], has to contain at least four boxes. 
Indeed, if Ci = v 3 U v , then v 3 and i> & are twins, and if Ci — v 3 U v U w n , 
?; i = v k ,v™ = (v k )' , then v 3 and t> fe are twins. From (|3.3p it follows that we 
can always choose i £ [d] such that vj = v\ = * or u^ = i>™ = * for some 
fc G {1, 2} and n £ {3, ..., 6}. In the first case we have C, = ii 3 U i) 4 U i) 5 U i; 6 . 
We can assume that vf = vf,vf = vf and vf = {vf)'. By Lemma [3.21 the set 
it 3 U v 4 is a L-polybox and thus, again by this lemma, g(v 3 , s*) 7^ ff(f 4 , s*). This 
contradicts the assumption on v 3 ,v 4 . 

In the second case the set [J{s : s £ V \ {v k ,v n }, s, 7^ *} can not be an 
i-cylinder. Indeed, we have g(v,s*) = 2 d ~ 2 for exactly one v £ V \ {v k ,v n } 
and g(w,s*) = 2 d ~ 3 for the rest three words w £ V \ {v k ,v m ,v}. Thus, \v\ = 
{l/4)\ES\ d and \w\ = {l/8)\ES\ d for the three words w £ V \ {v k ,v m ,v}. 
Therefore, the boxes from the set {s : s £ V \ {v k ,v n }, Si 7^ *} can not be 
divided into two parts with the same sizes. 

Thus, there is a word, say v 1 , in the code V such that ^(v^a*) = 2 d ~ 1 . If 
% £ [d] is such that vj 7^ *, then u| = • • • = vf = (vj)', and hence V t,Vi = {v 1 } 
and V l ' <yVi ' = {v 2 , . . . v e }. Since {v 2 , . . . , v 6 } does not contain a twin pair, by 
(a), we have d > 4. This completes the proof of the part (b). □ 

Corollary 3.4 Lei y C 5 d fc o polybox code without twin pairs and letu\—V 
for some u £ S d \V . Then \V\ > 5. If u = U\- ■ ■ Ud and \V\ = 5, i/iera 

(V)a = {hhh, ^i^2^3> u ji^2^3, l[u i2 l 3 , lxl 2 Ui 3 } 



(V)a = {hhh, I'lfy's, UiJ'zh, hu i2 l' 3 , l[hui 3 }, 

where Ik $ {u ifc ,M^ } for k = 1,2, 3 ; A = [d] \ {ii, 12,13} and Vi — Ui for every 
i £ A and v £ V . In particular, V is rigid. 

V 1^1 = ^ anc ^ u n w 7^ for every v £ V , then d > 4 and t/iere are i g [d] 
and wgy such that (v)i = (u)i. 
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Proof. By Corollary |2.3l the set V is a partition code. Since V does not contain 
a twin pair, V does not contain a twin pair. By Lemma 13.31 \V\ > 5, and thus 
|V| > 5, because |V| = \V\. Similarly, by Lemma |3"UI if \V\ = 5, it is of the 
form described in this lemma, and thus, by the definition of V, the polybox 
code V has to be as predicted in the corollary. To show that V is rigid observe 
that if w Q V, then Wi = Ui for i € A. If Wi G {Zi, Z^, Z2, ^2, Z3, ^3} for some 
i G {ii, 12,13}, then the set {iv fl v ^ : v G V} contains at most three boxes. 
Since it is a suit for iv, by the first part of the corollary and Lcmma l2~Tl there is a 
twin pair in V, which is a contradiction. Thus Wi ^ {fa, l[, fa, I2, fa, '3} f° r every 
i G {fa, ^2, fa}- If Wi 7^ Uj. for some j G {1,2,3}, then g(v,w) = 2 for at most 
two words v G V and g(v,w) < 1 for the rest v G V. Then X^ey3( w > u ') < 8, 
and by (|2.4[) , iu g V. Consequently, V can cover only the word u, and thus it 
is rigid. 

If |V| = 6, then \V\ = 6 and, by Lemma [33] (b), d > 4. Moreover, there 
is i G [d] and €> G V such that (u)j = *•••*. By the definition of v (given in 
Corollary I2.3P we have (v)i = (u)j. D 

Corollary 3.5 Let V C S d be a polybox code which does not contain a twin 
pair. If d < 3, then V is rigid. 

Proof. It is enough to prove the lemma for d — 3. If \V\ < 5, then the rigidity 
of V is guaranteed by Corollary 13.41 Let \V\ > 6 and assume that w C V for 
some w £ S 3 . Let Vi C V be such that w C Vi and u; n # ^ for v G Vi . By 
Corollary |2 . 3l and (|2.2p the code Vi has to contain a pair of words v = viV2Vs,u = 
U1U2U3 G V n C for some simple partition C C S 3 , where the number h = \{i : 
vi — u' { }\ is odd. Since V does not contain a twin pair, h = 3. If |Vi| = 5, 
then, by Corollary 13.41 V\ = {111U2U3, u^u^u^, wiU2u' 3 , U1W2U3, uiu' 2 w 3 } or 
Vi = {U1U2W3, u[u' 2 u' 3 , wiu' 2 U3, 

U1W2U3, ^^142^3}. Since the words in V arc pairwise dichotomous, it is easy 
to check, that every word q G V \ V\ has to form a twin pair with some word 
p G Vi. The permissible forms of such words q are: l'il 2 fa, hl'2^'3 an d 1'ihfa- If 
P = I'l^fa, ( we consider the first form of Vi) then, by the dichotomity of the 
words, ?3 = U3, fa = w' 2 and fa = u' x . Then q and u^w^s are a twin pair. 

If |Vi| =6, then there is a twin pair in Vi, as we have d < 4. If |Vi| =7, then, 
from [Theorem 5.1, [5:] it follows that, the polybox code V\ can be completed to 
a partition code V\ U {u} c S* 3 . It is known that every partition code I4 7 C S 3 
contains at least three twin pairs. If W is layered, i.e. W = W 1,1 U W 1 ' 1 for 
some i G [3] and / G S (see [H]), then there are two twin pairs in each of the 
codes W 1 ' 1 and W 1 ' 1 , as they are partition codes in two dimensional case. If 
W 7^ W 1 ' 1 U W 1 ' 1 for every i G [3], then W has the structure as presented in 
Figure 1. If Vi U {u} contains three twin pairs: u,v l ; u,v 2 and u, v 3 , where 
v l ,v 2 ,v 3 G Vi, then it must be layered, and thus there is w 4 G Vi which forms 
a twin pair with v , v 2 or v 3 . If it is not layered, then Vi contains a twin pair. 
Thus, if V do not contain a twin pair, then it is rigid. □ 

For fixed x G ES and i G [d] let 

nl = ES x ■ ■ ■ x ES x {x} x ES x ■ ■ ■ x ES, 

where {x} stands at the ith position. If V C (*S) d is a polybox code, then the 
slice tt 1 x n |J.E(V) is a '"flat" polybox in (ES) d (boxes which arc contained in 
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this polybox have the factor {x} at the ith position). Therefore we define a 
polybox (tt* n U E{V))i in the (d - l)-box {ES^- 1 : 

« R (J S(y)) ?; = (J{(«)< :«GVand7rin»j6 0}. 

The polybox (7rJ, n(J E(V))i does not depend on a particular choice of a polybox 
code, because if W is an equivalent polybox code to V, then (J £ , (V A ) = (J -E(W), 
and hence « n (J S(V))< = « n (J E(W r )) i . 

One of the main proof technique which is used in this paper derives from 
geometric tomography. We will slice given polybox (J E(V) by the set w x for 
various x G ES. The information collected on slices ir x fl [J E(V) will enable us 
to find the structure of V. 

Recall that, the box number \F\q is the number of boxes in any proper suit 
for the polybox F. From (|2.1[) we deduce the following useful lemma. 



Lemma 3.6 Let V C S 'be a polybox code, and let E(V) be the equicomple- 
mentary realization of V . Assume that there are letters l\,li G S and there 
is i G [d] such that \(ir x fl |j£(F))i|o > m for every x G El\ C\ Eli and 
|(4 n |J E(V))i\ > n for every y G El[ n El' 2 . Then \V\ > m + n. 

Proof. Let A C S be such that V = [j peA V 1 * and V** ^ for every p € A. 
Let us divide the set S into two nonempty and disjoint sets 5° and S 1 such that 
S 1 = {s' : s G S }. We also divide the set A into two disjoint sets B and C 
such that B C S*° and C C 5 1 . Let B 1 = BUC' and C 1 = CUB', where B' = 
{7' : Z G 5} and C = {V : I G C}. Then, by ([H]), the sets f] peBl EpCiEhDEh 
and Plpeci ^ n ^i n El' 2 are nonempty. Let a; G ClpeB! ^P H 25Zi n SZ2 and 
y e Hpec! ^ n ^i n El> 2 . Then 1(4 n U^(^)),|o = £ peB l^' P l > m and 

IK n LW))*lo = E p£ c \V*' P \ > n. Since |V| = £ peB l^' P l + £ pe c l^l, 
it follows that |V| > n + m. D 

Lemma 3.7 Lei V C S be a polybox code, w G S d and w C V. Assume that 
there is i G [rf] smc/i tfwrf < |{w n v ^ : w G V, v t g {w t , u>-}}| < 3. TTiera 
i/iere is a twin pair in V . In particular, if iv O i) 7^ for every v € V and 
(\V\ — 3) < ly*' 10 ^ < \V\, then there is a twin pair in V. 

Proof. Since {iv fl v 7^ : v € V} is a suit for the d-box iv, the set Cj = 
\J{w fl « ^ I : v 6 y, ^^ {wij^j}} i s an i-cylinder in the d-box iv. By the 
assumption there are at most three boxes in C*. Assume that Cj = wfltiUiKnii. 
Then u, = v[. Clearly, w nu,iu Hi) form a twin pair. Thus, by Lemma 12.11 the 
words u, v G V are a twin pair. If d = iv (1 u U iv fl w U u> fl 9, then assuming that 
u, = f^ and Uj = <^, we have (wflaji = (wnii)iU (wP\q)i, and then (u>n#)j and 
(iv H g)i are a twin pair and thus w H v and w H q are a twin pair. By Lemma 
12.11 the words v and q are a twin pair. 

Now we list the special cases in which Thcorcm l3. II holds. 

Statement 3.8 Let V,W C S be two equivalent polybox codes without twin 
pairs, and letVnW = tf). 

(a) If there are words v G V and w G W such that (v)i = (w)i for some 
i G [d], then \V\ > 12. 
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(b) If there are i £ [d] and I £ S such that \V id \ > 5 and \V i,l '\ > 5, then 
\V\ > 12. 



I' -J- (h „^j \~\ri-\ 



(c) If there are i £ [d] and I € S such that V ld ^ 0, V % > 1 ^ and \V 
V^ 1 | < 3, then \V\ > 12. 

(d) If there are i £ [d] and I £ S such that V id ^ and V 1 - 1 ' = 0, th 



U 



rii 



\V\ > 12. 

(e) If there are i £ [d] and pairwise different and pairwise non-dichotomous 
letters l,S,p£ S such that V^ r U V iy ^ for every r £ {I, s,p}, then \V\ > 12. 

(f) If there are i £ [d] and I £ S such that \V" l \ = 1, then \V\ > 12. 

Proof. We assume that d is the smallest number for which polybox codes V, W C 
S d exist, and the number | V | is minimal in the sense that if V C S d is a polybox 
code without twin pairs, W C S d is an equivalent code to V and \V\ < \V\, 
then V = W or W contains a twin pair. 

Proof of (a) Assume, for simplicity of notation, that i = d, v = a- ■ ■ a and 
w = a ■ ■ ■ ab, a ^ b. By (|2.1jl . the sets w \v and v \w are nonempty. Since 
(w) d = (v)d, wehavcw\t) C \jE(V da ') and consequently (w) d C \J(E(V d ' a ')) d . 
Thus, by dHJ), (w) d E {V d ' a ') d . (Clearly (w) d £ (V d ' a ') d ; otherwise there 
is a twin pair in V d ' a U V d ' a , which is impossible). Then, by Corollary 13.41 
| yd, a i •> g j n ^g same mann er we show that \W d,b | > 5. Let us assume that 
|yd,a | _ g Then, by Corollary 13.41 the code V d,a is rigid, and thus the code 
(V d ' a ') d C S d - X is rigid. If 

4^[JE{V)=^[JE{V d ' a ') 

for some x £ Ea'nEb, then (w) d e {V d > a ') d , because Ti^nU #(W) = n£n\JE(V) 
and (V d ' a ) d is rigid. But then the word u = a • • • aa' belongs to V d ' a and forms 
a twin pair with the word v, which contradicts the assumption. Therefore, 
\yd,a> | > 6 or tt^ n U E(V) ^ n d n U E{V d - a ') for every x E Ea' n Eb. Then 

\(4n\jE(V)) d \ >6 

for every x £ Ea' D Eb. In the same manner we show that 

\(n d n{jE(W)) d \ >6 

for every y £ EaO Eb' . Clearly (ir d n \J E(W)) d = (n* D (J £(V))d for every 
a; £ ES. By Lemma l3~6l we have \V\ > 12. 

Proof of (b). Let us assume that \V l ' l \ = 5, and suppose that there is x £ El 
such that 

nin\jE(V) = nin\jE(V i ' 1 ). 

Since < n|j£(V) = 4 nUW and, by Corollary l3~! the polybox « n 
\jE(V l,l ))i is rigid, there are words v £ V 1,1 and w £ W such that (v)i = (w)j. 
Then, by (a), we have |y| > 12. Thus, we assume that 

r-<|>6 or 7T d n\jE(V)^nl.n\jE(V^) 

for every x £ El and 

|l*''|>6 or ^n|Js(i/)^4n|Js(r M ') 
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for every y G El'. Then, for every x £ El and y G El', we have 

\(7T d x n\jE(V)) d \ >6 and \(rf n \jE(V)) d \ > 6. 
From Lemma ETUI in which we take h = h = I, it follows that |V| > 12. 

Proof of (c). Observe that, V 1 ' 1 C W l < 1 and V*'*' C 1F U '. To justify this, 
suppose on the contrary that y l,/ 2 W - "''- By (j2.4[) . there are words v G V 1 - 1 
and w e VF \ (IF 1 -' U W*'*') such that w C\v ^ 0. Since u> C V, i g {it;*, iu-} and 
< | {to flii^|:«e V s ' U V 1,1 }| < 3, by Lemma T3. 71 there is a twin pair in 
V, which is a contradiction. 

Therefore, V 1 ' 1 C IF 1 '' and F 4 -'' C VF^'. By Corollary EH |W*' Z | > 5 and 
\W^ l '\ > 5, and from (b) we get \V\ > 12. 

Proof of (d). Since V iJ ' = 0, it follows that 7*-' Q W 1 ' 1 , and thus, by Corollary 
13.41 we have \W i ' l \ > 5. Let us suppose that \W i,l \ = 5 and 

4n\jE(W)=<irin\jE{W i ' 1 ) 

for some a: e El. Since « n[J^))i = (< n U#0*0)i and the code (W*'*)i 
is, by Corollary 13.41 rigid, there is w G V such that (v), G (W l ' l )i. By (a), we 
have \V\ > 12. So we assume that 

|(7r<n(J^0KO)ilo>6, (3.4) 

for every x £ El. From the assumption on the number d it follows that the 
codes V 1 ' 1 and W 1 ' 1 are not equivalent. Therefore, by (|2.4[) . there are words 
w G IF M and i; G V*' 8 ', where s g {/, /'} such that wn^D. Hence, IF M ' ^ 
and y l ' s ' ^ 0. Let u G IF M '. The set of boxes {u n u ^ : w G V"} is a 
suit for the <i-box u. Assume first, that u C. V 1 ' 3 U V l,s . (Notice that, since 
li {8,s'}, we have un{jE(V l ' s ) ^ and uD\J E(V^ S ') ^ 0). If (u)* G (V l < s ), or 
(u)i G (F i,s ')j, then, by (a), \V\ > 12. Thus, we can assume that (u)i (jL {V us ) l 
and {u)i £ (V^'),. Since (u)i C (I/ 1 * 8 ); and (u)* C (]/^ s ')i, we obtain, by 
Corollary EH \(V l ' s )i\ > 5 and |(V i,s ')*l > 5. From (b) we get \V\ > 12. 

Now let us assume that there are two letters s,p € S\ {1,1'}, s ^ {p,p'}, 
such that 

u r V*' s U V 1 ' 3 ' U ^' p U V l ' p ' 



andiinlj^") ^ for every r G {s,s',p,p'}. If {V l ' r ') l C (V^ r )j for some 
r G {s,s',p,p'}, then |(V*> r )i| > 5, and thus |y l * r | > 5. The sets V*'* and V ut ' , 
where t G {s,p} \ {r}, are nonempty, and therefore 

\(7rin\jE(V))i\ >6, 

for every x G Sr. Combining this with (|3.4p (we have 7rJ. n (J S(V) = 7r^ n 
\JE(W)) and using Lemma [3.61 in which we take l\ = I and l^ = r' , we get 
|V| > 12. Therefore we may assume that (V z ' r )i % {V l ' r )i for every r G 
{s,s',p,p'}. Then, by J23J, we have |J • B ((^' r ' )i) \ U^O^i) 7^ for ever y 
r G {s, s',p,p'}. Thus, W^ r ^ for every r G {s, s',p,p'}. If \W i ' r U !F l ' r '| < 3 
for some r G {s,p\ then, by (c), we get \V\ > 12. If \W l,r U IF i,r | > 4 for every 
r G {s,p}, then |V| = \W\ > \W^ S U W l < s ' \ + |W i,p U W^'l + IVF 1 ''! > 12. 
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Proof of (e). If V % ' r U V l - r 7^ for every r G {I, s,p}, then, by (d) and (c), we 
may assume that V hr ^ for every r G {l,l',s,s',p,p'} and \V z ' r U V^ r \ > 4 
for every r G {l,s,p}. Then \V\ > 12. 

Proof of (f). Before proving this statement, let us note that if V — V 1 ' U V*' , 

yi.l jL ; yi,V ^ 0^ f()r somc j g [ d ] and I g 5^ then ^ = J^i.i y J^i/ or 

there is at least one s <E S\{1, 1'} such that the codes (W l,s ), and (W I,S ); arc 
nonempty and equivalent. But then V HW ^ $ or W contains a twin pair. To 
verify this, observe that if W = W 1 ' 1 U W ul \ then the codes V hl and W 1 ' 1 are 
equivalent, and then, by the assumption on the number d, we have V 1,1 = W 1 ' 1 . 
Let now s G S \ {1,1'} be such that W l > s ^ 0. If {W l > s )i and {W l - S ')i are 
not equivalent, then we can assume that \JE(W 1 ' S ) \ \jE(W hS ) ^ 0. Then 
v n{J E(W l ' s ) \ {jE{W^ s ') ^ for somc v G V, and consequently V l ' s ^ 0, a 
contradiction. Therefore, (W h ")i and (VT l,s )i are equivalent, and thus, by the 
assumption on the number d, (W l ' s )i = (W l,s )i, which means that there are 
twin pairs in W l,s U W l ' s . Therefore in what follows we assume (also by (d)) 
that for every i G [d] there are at least two letters I1J2 G S, l\ £ {l2,l' 2 } such 
that V*' r ^ for every r G {h, l[, l 2 ,l 2 }. 

Now we prove (/). 

Let V 4 ' 1 = {u}. Assume first that V 4 ' 1 £ W^ 1 . Then there is w G W\(W ul \J 
W l < 1 ') such that wDu ^ 0, and thus wn\jE{y^ 1 ') ^ (and then V lX % W 1 - 1 '). 
Since w Q V, the set w n u U w fl (J E(V 1 ' 1 ) is an i-cylinder in the d-box w. 
Therefore, (u> n u), = U{(«> H »),/ : u € F M '}, and thus 

Szoj n £V,- C Ezyj n Euj (3.5) 

for every j G [d] \ {i} and every v = V\ ■ ■ ■ Vd G V' J for which (w n w)i 7^ 0. If 
iWj = Uj for every j G [d] \ {i}, then (iu)j = (u), and, by (a), we have |V| > 12. 
Let k € [d]\ {i} be such that w k 7^ Ufe- Then % = U& for every v G U l,/ with 
(u> n v)i 7^ 0, as if Vk 7^ Ufc for somc v, then, by (|2.1|) . Ew k n -Effc ^ i?iOA; fl Sufc, 
which contradicts (|3.5p . Therefore, v G y fc ' Ufc for every v G y 1 '' such that 
(w n u)j 7^ 0. Since the set of boxes {(iv fl w), 7^ : V G y l,/ } is a suit for the 
box (w fl u)i, which, by (|2.ip and the fact that V is twin pairs free, does not 
contain a twin pair, it has to contain, by Corollary 13.41 at least five elements. 
But u G V k - U \ and thus \V k ' Uk \ > 6. If \V k - u '*\ > 2, then assuming, by (c), 
that \V k ' 1 U V kX \ > 4, where I # {u fc ,u' fe }, we get \V\ > 12. So, by (d), we 
assume that V k ' Uk = {p} for some p = p\ ■ ■ -pd G S d . Clearly, w fl p 7^ 0, as 
w fc ^ {w fe ,u' fc }, and U{(w H v) k ^ : u G V k > Uk } = (w (lp) k . Then, in the 
similar way as above, we show that (w)k = {p)k, and then, by (a), \V\ > 12 
or |y m 'P™| > 7 for some m G [d]. This inequality follows from that fact that 
now the set {(w fl v)k 7^ : V G y fe,Ufc } contains at least six boxes. Using the 
same arguments as before we show that there is m G [d] such that v m = p m for 
every ?; = vi ■ ■ ■ Vd G V h ' Uk such that (w n u)fc 7^ 0, which gives |l/ m -P m | > 6. 
But p G V m ' p ™ and p £ V k - Uk . Thus, |F m ' Pm | > 7. By (d) and (c), we can 
assume that \V m > p '™\ > 1 and \V m > 1 U F m ' J '| > 4 for somc I e S\ {p m ,p' m }- 
Then \V\ > 12. 

Now assume that V 1 ' 1 C. W 1,1 and V 1 ' C VT''' . By (d), we can assume 
that V u ^ and F i,J ' 7^ 0, and then, by Corollary I3~H we have |H/ i ^| > 5 and 
\W^ l '\ > 5. Thus, by (6), we get \V\ > 12. D 

In the proof of Theorem 13.11 we will use notions from graph theory. 
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A pair of words v,u £ S d such that vi $ {ui,^} for some i £ [d] and (u)j 
and (v)i are a twin pair is called an i-siblings. 

Let V C S be a polybox code without twin pairs. We define a graph 
G = (V, S) in which two vertices u, v £ V are adjacent if they are i-siblings for 
some i £ [d]. Moreover, we colour each edge in § with the colours from the set 
[d]: an edge e £ $ has a colour i £ [d] if its ends are i-siblings. The graph G is 
simple and since the code V does not contain twin pairs, we have d(v) < d for 
every v £ V, where d(v) denotes the number of neighbors of v. Observe that 
the graph G does not contain triangles. 

Let vertices u and v be adjacent, and let d(u) = n and d(v) = to. It can be 
easily show that if n + to = 2d, then there are i £ [d] and I £ S such that 

\V i < l uV i ' l '\>n + m-2, (3.6) 

and if n + m < 2d — 1, then 

\V lA UV lA '\>n + m-l (3.7) 

for some i £ [d] and I £ S. 

By d(G) we denote the average degree of a graph G, and N (S) denotes the 
set of all neighbors of vertices v £ S. In the sequel we will need the following 
two lemmas. 

Lemma 3.9 Let G = (V, <S) be a simple graph, and let m = max{d(w) + d(u) : 
v, u £ V and v, u are adjacent}. Then d{G) < to/2. 

Proof. Let V\ C V be the set of all vertices v such that d(v) > to/2, and let 
#l C # be the set of all edges which are incident with vertices from V\ . Since 
there is no edge with ends in the set Vi, the graph G\ = (V,&\) is a bipartite 
with the bipartition {Vi, V \ Vi}. We will show that the graph G\ contains a 
matching of V\. To do this, let S C Vi. The number of edges in S\ which are 
incident with vertices from S is greater than \S\m/2. On the other hand the 
number of edges in S\, which are incident with vertices from N(S) C V \V\, 
is at most \N(S)\m/2. Each edge from S\ is incident with S if and only if it is 
incident with N(S). Therefore, \N(S)\m/2 > \S\m/2, and thus \N(S)\ > \S\. 
By the marriage theorem, there is a matching of the set V\ . Let V2 C V \ Vi 
be the set of endpoints of edges from the matching of V\. Then \V\\ — IV2I and 
consequently 

Atrv . _ E veVl d ( y ) + T, ve v 2 d ( v ) + E v ev\(v 1 uv 2 ) d ( v ) 
d(G) - ^ 

|Vi|m+(|V|-2|V 1 |)f _to 



< 



\V\ 2 

a 

Lemma 3.10 Let V c S = {a, a', b, b'} d be a polybox code without twin pairs. If 
\V\ <7, then V is rigid. 

Proof. We will show that if W is an equivalent polybox code to V and Vn W = 0, 
then \V\ > 7. We proceed by induction on d. By Corollary 13.51 the lemma is 
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true for d < 3. Let d > 4. We can assume that for every i £ [d] there is at 
least one letter I £ S such that V^ 1 ^ and V lX ^ 0, as if V*'* 7^ 0, V^ s 7^ 
and y 1 '' = 0, V l - S = 0, where Z £ {s, s'} then, by the inductive hypothesis, 
y-;,i = jyM and vi,« = pyi,» j and thus vnw ^®. 

Assume that V l ' a ^ 0, 0'°' 7^ and V ub U F 4,6 ' = for some i £ [d]. 
Then, again by the inductive hypothesis, for every x £ ES the polybox (jr l x D 
{jE(V l > l )) t is rigid for I G {a, a'}. Thus, there arc u G l/ J - a ,w G V"' a ' and 
U) G W l ' b ,q G W-™' 6 such that (u)j = (u;)j and (u)j = (q)i. This implies 
(«)» E (V 1 ' ')* and (u)^ C (V*'")*. By Corollary El and the fact that V is twin 
pairs free, \V\ = \{V l ' a ) l \ + \{V t ' a ') l \ > 10. 

Now assume that V l > a ^ 0, V lM ' ^ 0, V l ' b ^ and V l ' b ' = for some 
i G [d]. Take x G £a n Eb'. Clearly, the polybox (tt* n U-El^ 1 ^))^ is rigid. 
Therefore there is w G VF 1 ^ such that (it)j = (u;)j for some u € l/ 1 ' 12 . In the 
same way as above we conclude that \V l,a \ > 5. Assume that \V l ' a \ = 5, 
|yi,a| = lf |pr*,6| = L If now we c h oose x ^ Ea' (1 Eb' , then, by Corollary 

13.41 the polybox (tt x D U i?(y i,a ))j is rigid. Hence, for every u G V™' a there is 
to G VF \ W l ' a U W /8 ' a such that (u), = (u;),. Then u C ^/ 4 > a 5 and consequently 
|yi,a| > 5^ a contradiction 

Therefore we assume that V 1 ' 1 7^ for every i G [d] and I G 5. 

Let us suppose that there are i G [d] and two letters in S, say a and 6, such 
that the polybox code (V l ' a U y 4 ' 6 )^ does not contain a twin pair. This means, 
by the inductive hypothesis, that for x G Ea n 226 the polybox (n x n (J £(F))j = 
(< n|j£(^ a U F'' b ))i is rigid. Then for fixed u G V l ' a and w G F 4 ' 6 there 
are w G PF 1,6 and g G W^ a such that (u) ?; = (w) t and (v)i = (g),;. Thus, 
(u)i C (V l,a )j and (v)i Q (y z ' b )j. As V does not contain twin pairs, by 
Corollary ET4l we have \V\ > \{V l - a ) t \ + \(V i ' b ') i \ > 10. 

Therefore we can assume that for every i G [d] and every two letters l,s G S, 
I $. {s, s'}, there are i-siblings in the set V*' U V t,s . Then for every i G [d] there 
are at least 4 edges with the colour i in the graph G = (V, £*) and consequently 
there are at least 4d edges in the set S '. Let u°, v° G V be such that 

d(v ) + d(u ) = max{d(u) + d{u) : v, u G V and w, u are adjacent}. 

Since \V\ < 7, we have d(v°) + d(u°) < 7, and then from Lemma T3.9I it follows 
that 

d(G) < \ 

But d(G)\V\ = 2\£\ and 2|<T| > 32. Therefore, \V\ > 7. D 

Now we can prove Theorem 13. II 

The proof of Theorem \3.1\ By Corollary [33] and Statement 13.81 we make the 
following assumptions: 

(A): d > 4, S = {a, a', b, b'} and \V l ' l \ > 2 for every i G [d] and / G 5. 

For every w £ W let V w C. V be such that w C. V w and w fl w 7^ for all 
v G T4,. If |T4,| < 5 for some u> G W, then, by Corollary |3.41 there is a twin pair 
inK,. If \V W \ = 6 for some w £ W, then, by Corollary 13. 4[ there is v £ V and 
i £ [d] such that (v)i = (w)i. Thus, by Statement 15^1 (a). \V\ > 12. Finally, 
if 10 < |K, I < 11 for some v £ V, then \V\ > 12 as V w H V<- w ' = for every 
i £ [d] and, by (A), |T/ l '™i| > 2. Therefore in what follows we assume that 
|K|G {5,7,8,9}. 
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First we prove the theorem for d = 4. 

Since v C W for v £ V and W does not contain twin pairs, from Corollary 
and {272} it follows that there are w 1 ,^ 2 e W such that \{i : w\ = {w 2 )'}\ = 3 
and w^ = w 2 for j {i : w\ = (w 2 )'}. For simplicity of notation we assume 
that w 1 = 6666 and w 2 = b'b'b'b. By Statement 13.81 (a) we can assume that 
g(v,w) < 4 for every v £ V w and w £W. Thus, g(v, w 1 ),5(w, w 2 ) £ {1,2,4} for 

ve V. 

For k £ {7, 8, 9} the system of equations 

Ax + 2y + z = 16, x + y + z-k, (3.8) 

where x,y,z £ {0, 1 . . .} has only three solutions: 

k = 7 : x = 3, y = 0, z = 4; a; = 1, y = 6, z = 0; a; = 2, y = 3, z = 2. 

fc = 8 : x = 2, y = 2, z = 4; a; = 0, y = 8, z = 0; x— 1, y — 5z = 2. 

/c = 9 : a; = 0, ?/ = 7, z = 2; a; = 1, y = 4, ^ = 4; a; = 2, y = 1, 2; = 6. 

Recall that, by (|2.3[) . g(v,w l ) = 2 k if and only if the word i> has k > letters 



&. We use (|2.4p . where the values g^^w 1 ) are such as in the solutions of 

Let \V w i\ — 5 and \V W 2 \ > 5. Then, by Corollarv l3.41 there is i G [4] such that 
Vi = b for every v g V w i . If i € {1, 2, 3}, then V^i n V4,2 = 0, and consequently 
\V w i U K, 2 | > 10. Since F 4 ' 6 ' n (K,i U V w *) = and, by (A), |y 4 ' 6 '| > 2, we 
have \V\ > 12. 

If i = 4, then V^i c F 4,6 . If |V^,2| = 5, then we can assume, by just 
considered case that v 4 = b for all v G V w 2. Then \V A < b \ > 8. By (A), \V\ > 12. 

If |Ko 2 | > 7, then observe that g(v,w 2 ) > 2 for every v £ V w 2, as if g(v, w 2 ) = 
1 for some v £ V w 2, then, by (|2.ip . w € Vv,i which is impossible. In view of the 
solutions of (|3.8|) we have: if |V^,2| = 7, then |V^i n V^2| < 2, and if | V^,2 1 = 8, 
then \V w i n V W 2\ < 2. In both cases we get \V w i U V w *\ > 10, and then \V\ > 12. 

Let \V w i\ = 7 and | V^a | > 7 and let V w i = {u 1 ,...,?; 7 }. Assume first that 
giv^w 1 ) = 4 for i £ {1,2,3} and ^(u 4 ,^ 1 ) = 1 for i £ {4,5,6,7} (the first 
solution for k = 7). Then v 1 ^ 2 ^ 3 $ V w 2, and thus \V w i U V w 2\ > 10. Hence, 
\V\ > 12, as \V 4 ' b '\ >2. 

Let now ^(t; 1 ,^ 1 ) = 4 and g(v\w l ) — 2 for i £ {2 . . . , 7}. Then w 1 ^ V^2. 
As we have just seen it is enough to show that \V w i U V w 2\ > 10 or |V" 4 ' b | > 6. 
Note that, v % £ V w 2, where i £ {2 . . . , 7}, if and only if v\ = b. Thus, v l £ V w 2 
for at most three i £ {2 . . . , 7} or for every i £ {2, . . . , 7}. In the first case, if on 
the contrary v l £ V w 2 for at least four but less then six i £ {2 . . . , 7}, by Lemma 
13.71 there is a twin pair in V w i , which is a contradiction. Then \V w i U V w 2 \ > 10, 
and so \V\ > 12. In the second case we have |l/ 4 - h | > 6, and by (A), \V\ > 12. 

Let g(v\ w 1 ) = 4 for i £ {1, 2}, g(v\ w 1 ) = 2 for i £ {3, 4, 5} and g(v\ w 1 ) = 
1 for i £ {6,7}. Then v 1 ^ 2 £" V w 2. Assume that v 3 ,v 4 ,v 5 £ V w 2, i.e. uf = vf = 
vl = b . Clearly, v 6 ,v 7 £ V w 2. The set {Jim 1 D v ^ : v £ V w i v 4 £ {a, a'}} 
is a 4-cylinder in the 4-box w 1 . If it contains at most three boxes, then, by 
Lemma 13.71 there is a twin pair in V w i , which is a contradiction. Thus, there 
are four boxes in the above cylinder. These are: w 1 n ii l for i £ {1,2,6,7}. 
Since g^jW 1 ) = 4 for i £ {1,2} and g^jiv 1 ) = 1 for i £ {6,7}, it must be 
v\ = uf = a and v\ = v\ = a'. By Lemma [3.21 the set w 1 n v 1 U w 1 n w 6 is 
a L-polybox in u; . But this is impossible as v 1 and v 6 are not of the form 
predicted in Lemma 13.21 where s — w 1 , i.e. the word v 1 contains two letters 6, 
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and v 6 does not contain a letter b. Therefore v % £" V w i for some i £ {3,4,5}, 
and thus \V w i U V w ^\ > 10 which gives \V\ > 12. 

Let \V w i\ = 8 and \V W 2\ > 8 and let V w i = {v 1 , ...,v 8 }. Clearly, it is enough 
to show that \V w i U V W 2\ > 10 or |V 4 < 6 | > 6. 

If giv^w 1 ) = 4 for i£ {1,2}, thenz; 1 ,^ 2 £V W *. Thus, \V w i U K, 2 1 > 10. 

If g(v l , w 1 ) = 2 for i G {1, . . . , 8} and v l £ V w 2 for at most one i £ {1, . . . , 8}, 
then |y 4 - 6 | > 7. Otherwise, \V w i U^|> 10. 

Let g{v l ,w l ) = 4, g(v\w l ) = 2 for G {2,3,4,5,6} and gtv^w 1 ) = 1 for 
i £ {7,8,}. Then v 1 £" V w 2. For the same reason as in the last case for 
iKu 1 1 — 7, by Lemma T3. 71 w* £ V w 2 for at most four i £ {2, .., 6}, and therefore 
v 1 £ V w 2 for some i £ {2, .., 6}. Consequently, \V w i U V w 2\ > 10. 

Let \V w i | = 9 and \V W 2 \ = 9. Now we have to show that there is at least one 
words in V w i which is not an element of V w 2 or |y 4,6 | > 6. But this obvious in 
a view of the solutions of (|3.8p for k = 9. 

Let d > 5. By (A) we can assume that 

IV^'liV*'"! <7, (3.9) 

for every l,s £ {a, a', b, b'}. Assume that there are i £ [d] and two letters, say 
a and 6, such that there are no i-siblings u and v in V such that u, = a and 
«i = 6. Then, by Lemma 13.101 the polybox 

(< n |J E(y))t = (4 n |J £(^< a u y- 6 )),, 

where a; G So fl S6, is rigid. Therefore, (u)j = (w)i for some v G V' l ' a and 
to G W"- 6 . By Statement EJ (a), |V| > 12. 

Thus, in what follows we assume that for every i £ [d] and every two letters 
I, s £ {a, a'b, b'} such that / g" {s, s'} there are i-siblings u and v in V such that 
ui = I and Uj = s. This means that there are at least Ad edges in the set S . 

Let u°, v° £ V be such that 

d(v ) + d(u ) = max{d(w) + d(u) : v,u £ V and w, u are adjacent}. 

Let d = 5. If d(t>°) + d(u°) > 9 then, from flU]) or $TT) it follows that there 
are i £ [d] and I £ S such that \V 1 - 1 U V*'''| > 8, which contradicts ([33]) . 

Let d(v°) + d(u°) = 8, and let N(u°),N(v°) be the sets of all neighbors of 
u° and v° , respectively. Taking into account (|3.9[) , it can be checked that there 
are j, k £ [5], k ^ J, and !,sG {a, 6} such that 

|(yj,J u yj/) n (JV(„0) u N(u°))\ = 7 

and 

\(V k ' s U F fc ' s ') n (JV(v°) U N{u°))\ = 7. 

Without loss of generality we can take I = s = a, because k ^ j. 

Since \V j ' b U V^ b ' \ > 4 and \V k > b U V k > b ' \ > 4, there are at least three words 
x, y, z in the set (V j ' b U V^ b ') C\{V\ (N(u°) U N(v ))) and at least three words 
x, y, z in the set \v k - b U V k - b ') n (V \ (N(u°) U N(v ))). If {», y, z} jt {x, y, z}, 
then \V\ > 12. Let us assume that {x,y,z} = {x,y, z} and |V| = 11. Then 
Xj,yj,Zj £ {b,b'} and Xk,yu,Zk £ {6, b 1 }. On the other hand, the vertices u G 
(Ar(w )UAr(w ))\(V J '' a uy j '- a ') andu G {N{v°)UN{u°))\(y k > a UV k > a ') are such 
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that Uj G {b,b'} and Vk G {b,b'}. Assume that u ^ v. Since Wj,Wk G {a, a'} 
for every w G (N(v°) U N(u )) \ {u,v}, it follows that if x,y and z are joined 
with some vertices from the set N(u°) U N(v°), then these vertices must be u 
or v. This, together with the facts that d(v°) + d(u°) = 8, d(v) < 5 for every 
v (^ V and the graph G(V, E) does not contain triangles, imply that the number 
of edges with ends in the set V = N(u°) U N(v a ) U {x, y, z} is less then 20: if 
\N{u°)\ = 5, |JV(T7°)| = 3 and u G iV(u°), v G N(v°), then |<?| < 18, and if 
u,v G A(u°) or ii,u 6 iV(w°), then |<T| < 17; if |AT(u°)| = |-/V(f°)| = 4 and 
u G iV(u°), u G N(v°), then |<f| < 19, and if u,v G N(u°), then |<?| < 18. 
Similarly, if u = v, then there are less than 20 edges in S '. Since there are at 
least 20 edges in the graph G, it follows that \V\ > 12. 

If d(v°) + d(u°) < 7, then from Lemma G02 wc have d(G) < 7/2. As 
d(G)\V\ = 2\S\ and 2\S\ > 40, we have \V\ > 11. 

Let d > 6. If d(v°) + d(u°) > 9, then using (|3.6[) or (|3.7|) . in the same way 
as for d = 5 we show that |V| > 12. If d(v°) + d{u°) < 8, then from Lemma [331 
it follows that d(G) < 4. Since now 2|#| > 48, we have |V| > 12. D 

Remark 3.1 The estimation given in Theorem 13.11 is optimal. There are two 
equivalent polybox codes V, W C {a, a', 6, 6'} 4 both without twin pairs and V (1 
W = ([S]). These codes were used by Lagarias and Shor[13] and later on by 
Mackev [TT] to construct the counterexamples to Keller's cube tiling conjecture. 
In the context of this conjecture one of these codes was given first by Corradi 
and Szabo in [3] , as an example of the maximal clique in a 4-dimensional Keller 
graph. 

4 Twin pairs in cube tilings of M. d 

From Theorem 13. II we obtain the following result. 

Corollary 4.1 Let W = W hh U W 1 ^ U • • • U W' l ' lk U W^ C S d be a partition 
code, where W' 1 ' 1 = {w G W : Wi — 1} for I G S and i G [d]. If k > 2 d ~ 3 /3, then 
there is a twin pair in W . 

Proof. Let us recall that for every j G [k] the polybox codes (W' j )i G S^ 1 
and {W l,l i)i C S d ~ x are equivalent. By the assumption on the number k, there 
is at least one j G [k] such that 

|(w*''0*| < li. 

If the polybox codes (W l ' lj )i and (W h •»'), do not contain twin pairs, then, by 
Theorem 13.11 they are equal, and therefore the code W l ' lj U W ' * consists of 
twin pairs. If (W l ' lj )i contains a twin pair (w)i, (v)i, then W' j contains the 
twin pair w = Wi ■ ■ ■ Wi-iljWi+i • ■ ■ Wd, v = v\ ■ ■ ■ Vi-iljVi+i ■ ■ -Vd- □ 

Thus we have the following theorem on twin pairs in cube tilings of R d . 

Theorem 4.2 Let [0, l) d + T be a cube tiling ofR d , x G R d and i€ [d\. Let 
L(T, x, i) be the set of all ith coordinates ti of vectors t G T such that ([0, l) d + 
t) n ([0, l] d + x) ^ and U < x%. If there are x G M. d and i G [d] such that 
\L(T, x,i)\ > 2 d ~ 3 /3, then there is a twin pair in the tiling [0, l) d + T . 
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Proof. In Section 1 we showed that the family of boxes ,^ x = {([0, l] d + x) n 
([0, l) d + t) ^ : t £ T} is a minimal partition of the d-box [0, l] d + x. Let 
W = W l - h U W*' 1 ' 1 U • • • U W Uk U W i,l 'i> be a partition code such that & x is an 
exact realization of W. Note that \L(T,x,i)\ = k, i.e. \L(T,x,i)\ is the number 
of all i-cylinders in the partition & x . Indeed, £,; £ L(T, x, i) if and only if there is 
t' eT such that ([0, l) d + t')r\([0,l] d + x) j£® and t'i-U = 1. By Corollary H~U 
there is a twin pair in & x , and thus there is a twin pair in the tiling [0, l) d + T. 
D 

Corollary 4.3 Keller's conjecture is true for a cube tiling [0,1) 7 + T of M. 7 
for which there are x £ R d and i £ [d] such that the set L(T,x,i) contains at 
least six elements. □ 

Corollary 4.4 If there is a counterexample to Keller's conjecture in dimen- 
sion seven, then \L(T, x, i)\ £ {3, 4, 5} for some x £ M. 7 and i £ [7]. 

Proof. Let [0, l) 7 + T be a cube tiling of M 7 . By Corollary 14.31 we assume 
that \L(T,x,i)\ < 2 for some i£t 7 and every i £ [7]. (We will use somewhat 
different arguments to show that there is a twin pair in [0, 1) 7 +T, than that used 
in Section 1.) Thus, the minimal partition ,^ x = {([0, l] d + x) n ([0, l) d + t) ^ 
: t £ T} contains at most two i-cylinders for every i £ [7], and therefore its 
partition code V can be written in the alphabet S = {a, a',b, b'}. If we take 
a = 0, a' = 2, b = 1 and b' = 3, then, as it was shown in [3], the maximal 
clique in a Keller graph has 124 vertices. Thus, there is a twin pair in V, and 
consequently there is a twin pair in [0, l) 7 + T. □ 

We extend the notion of a d-dimensional Keller graph. If S is an alphabet 
with a complementation, then a d-dimensional Keller graph on the set S d is 
the graph in which two vertices u,v £ S d are adjacent if they are dichotomous 
but do not form a twin pair. This extension lies in the fact that, now the set 
of vertices is S , where S an arbitrary alphabet with a complementation, while 
in a d-dimensional Keller graph we have |5| = 4 (O). Indeed, the condition 
that in a d-dimesional Keller graph for every two adjacent vertices u, v there 
is i £ [d] such that u, and Vi differs by two modulo four means that v and u 
are dichotomous, where complementation is given by = 2' and 1 = 3'; the 
condition that Uj ^ Vj for some j ^ i means that v and u are not a twin pair. 
From Corollary 14.11 we obtain the following 

Corollary 4.5 Every clique in a d-dimensional Keller graph on S d which con- 
tains at least k > 2 d_3 /3 vertices u 1 , . . . , u k such that u" ^ {u™, (uf 1 )'} for some 
i £ [d] and every n,m £ {1, ..., k},n ^ m, has less than 2 d elements. In partic- 
ular, any clique in a 7-dimensional Keller graph on S 7 which contains at least 
six vertices u\ . . . , u 6 such that u™ ^ {u™, (u™)'} for some i £ [7] and every 
n,m £ {l,...,6},n^m, has less than 128 elements. □ 
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